
Field and Galois Theory

Midterm Examination

September 8, 2026

Instructions: All questions carry ten marks.

1. Prove that every finite separable field extension is generated by
a single element.

2. Let F be a field and let F (t) denote that field of fractions of the
polynomial ring F [t]. Let σ(t) ∈ F (t). Find [F (t) : F (σ(t))].

3. Let α be a root of the polynomial X3− 4X + 2 and F = Q(α).
Show that

(a) −1 is not a sum of squares in F

(b) for any β ∈ Q, 3
√
β ∈ F iff 3

√
β ∈ Q.

4. Factor X16 −X into irreducible polynomials in F2[X]. Justify
your answer.

5. Determine which amongst the following polynomials have abelian
Galois group over Q.

(1) (X2 − 2)(X2 − 3)(X2 − 5)

(2) X3 − 2

(3) X4 − 2

(4) X4 +X3 +X2 +X + 1

6. If χ1, χ2, . . . χn are distinct characters of a group G with values
in a field F , then prove that they are linearly independent over
F .


